The paper proposes the development of a set of rules for the resizing of inductive power transfer systems with particular attention to the ones dedicated to the charge of electric vehicles. These rules aim at the construction of down-scaled prototypes allowing the study and the design with benefits in terms of costs, time consumption and flexibility. The theoretical results are experimentally validated by comparing a 1.1 kW system with its down-scaled version.
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Scaling Rules at Constant Frequency for Resonant Inductive Power Transfer Systems for Electric Vehicles
Introduction
The transmission of electrical energy through inductively coupled circuits, simply called inductive power transfer (IPT), is a hot research topic concerning several areas of technology. IPT is widespread among all applications where physical electrical connections cannot be used or when power is supplied to moving objects. IPT is then an effective solution for supplying power to body implanted medical devices [1, 2] , moving trolleys through defined paths [3, 4] or underwater applications [5, 6] . Currently, this technology is widely used for recharging mobile devices such as smartphones [7, 8] or other daily used electronic devices [9, 10] . This technology is easy to use and increases electrical safety and reliability thanks to the absence of electrical contacts. In the last few years, many research efforts have aimed at applying IPT to the charge of electric vehicles (EVs). In the near future, IPT systems for automotive applications may replace the standard plug-in chargers. These kinds of applications are commonly indicated as static IPT as they aim to charge the EV battery when the vehicle is stationary [11] . In the long run, the extension of the inductive charge during the movement of the vehicle, namely dynamic IPT, could represent an effective way to solve the current issues related to the battery i.e., limited range and the need for frequent and long stops for recharging [11] .
IPT systems are mainly based on the same physical principles that govern the standard transformers. In the case of IPT systems for EVs, the primary coil is fixed at ground level and is usually called the transmitter. The secondary coil, called the receiver, is mounted under the vehicle floor so it is movable with respect to the transmitter. Unlike the standard transformer, the coupling takes place through a large air-gap on the order of some tens of centimeters. Hence, the flux is not constrained to a well defined path and the coupling between the two sides is typically lower than 30% [12] [13] [14] . Ferrite bars are added to the coils in order to compensate for this coupling reduction. Conductive sheets, typically made of aluminum or steel, are used to guarantee the electromagnetic compatibility towards on-board electronic devices and to protect people in close proximity to the vehicle from electromagnetic field exposure. The typical power level of IPT systems goes from a few kilowatts, for household appliances, tens of kilowatts for the light EV charge, to hundreds of kilowatts for heavy EV charge. The frequency typically ranges from 10 kHz to 100 kHz.
The implementation of automotive IPT systems requires multidisciplinary expertise, involving, among others, magnetic field theory, power electronics, and mechanical engineering. Moreover, the prototyping of these systems is a time-consuming process that presents huge costs in terms of materials and manufacturing. This is why several works in the literature are based on small-size prototypes that can be easily constructed and rearranged [15] [16] [17] . Nevertheless, the applicability to real-size systems has not yet widely discussed and the relationships between the down-scaled prototypes and possible large-scale systems have not been analyzed.
The present paper deals with these issues by proposing a set of rules for the scaling of the IPT systems as done in the past for transformers [18] and electric motors [19, 20] . These rules provide a powerful investigation tool that allows the study of an IPT system starting from a prototype of reduced dimensions. In this way, time and costs for prototype constructions can be strongly reduced with a significant benefit in flexibility and reconfigurability of the system. Furthermore, the use of a down-scaled prototype enables the work to be carried out with laboratory equipment at reduced voltages and currents resulting in an improvement of safety during the testing.
Circuit Model of Inductive Power Transfer System
The magnetic coupling between transmitter and receiver coils of an IPT system can be represented through the model shown in Figure 1 . L 1 and L 2 represent the self-inductances of transmitter and receiver respectively and their magnetic coupling is modelled with the mutual inductance M. Resistors R 1 and R 2 represent the ohmic losses in the coils. By applying the fundamental harmonic approximation [21, 22] , the source is modelled with a sinusoidal voltage source of rms value V 1 and angular frequency ω. Since a rectifier and a filter are used at the receiver side [11, 23, 24] , the load is represented through an equivalent resistance R L given by the ratio between the first harmonics of voltage and current at the rectifier terminals. At the typical working frequencies of IPT systems, coil resistances can become relevant due to skin and proximity effect. This increase is compensated by constructing the coils using litz wire [25] , a particular wire manufactured to guarantee a uniform distribution of the current density in the cross section. The use of litz wire together with a proper selection of the conductor section allows for considering R 1 and R 2 as negligible with respect to the magnitude of the impedances of the other components. This approximation, widely used in the domain of IPT [26] [27] [28] , is here adopted in the following. The limits of validity of this assumption are discussed in Section 6.
Under the previous assumptions, the system of coupled inductors can be described by the following equations in the frequency domain:
The term on the left-hand side of Equation (2) The ratio between the source voltage V 1 and current I 1 describes the equivalent impedance that the system shows at the source terminals. This impedance is called total impedanceẐ T :
The second term on the right-hand side of Equation (3) represents the effect that the coupled receiver has on the transmitter. This term is called the reflected impedance and it is defined as:
It is worth noting that the denominator of the reflected impedance is equivalent to the impedance that the receiver shows to the dependent source V oc indicated asẐ 2 :
The impedancesẐ 2 andẐ T describe the relationships between currents and voltages at both sides of the system. Finally, the apparent power S 1 provided by the source and the apparent power S 2 transferred to the receiver are:
It appears from the previous equations that the coils' impedances represent a strong limitation in the power transfer capability as they limit the currents I 1 and I 2 . At the same time, the presence of these inductive impedances implies having a source with power rating S 1 higher than the transmissible real power P 1 . These reasons explain why, in IPT systems, the coil inductances are compensated through the connection of capacitive elements. The compensation capacitors can be connected in series or in parallel with the inductors or using different hybrid topologies [26, 27] . The four basic compensation topologies are shown in Figure 2 .
Independently of the compensation topology, the capacitors are chosen in order to obtain the cancellation of the inductive terms ofẐ R andẐ T at a common angular frequency ω 0 that is the global resonance angular frequency of the IPT system. ω 0 is then the fundamental frequency of the source voltage V 1 .
For any basic compensation topology at the receiver side, the capacitor C 2 is chosen according to the relationship:
Because the capacitor is placed in the circuit, at the resonance, the impedanceẐ 2 becomes equal to R L and the reflected impedance can be expressed as:
The capacitor C 1 is chosen according to the relationships indicated in Table 1 in order to compensate the self-inductance of the transmitter plus the imaginary component ofẐ R . In these conditions, the value ofẐ T equals the real component ofẐ R . As the total impedance at the resonance is real, the source has only the real power P 1 then:
Having neglected the losses, P 1 equals the power P 2 transferred to the load. 
Compensation Topology
Capacitor C 1 series-series 1
Derivation of Scaling Rules
Let d be a generic linear dimension of the starting structure and d the corresponding dimension of the scaled one. The scaling factor γ is defined as:
A value γ < 1 corresponds to a down scaling of the original structure. This scaling factor is applied to all the geometric dimensions of the IPT structure. A scaling process can be conducted by considering different constraints for the electrical parameters. In the present work, the scaling of the electrical parameters is derived according to the following hypotheses:
1. The working frequency ω 0 and the current density remain constant in the scaling process.
This assumption allows for considering the same exploitation of the conductors material. Moreover, keeping the frequency fixed allows for operating with similar characteristics of the power electronics drivers and control. 2. The number of turns of transmitter and receiver coils does not change in the scaling process.
This assumption guarantees that the re-sized structure changes only in the dimensions while the constructive characteristics are left unchanged.
Scaling of Self and Mutual Inductance
The derivation of the scaling rules for the inductive parameters requires some additional insight. A generic inductance in free space can be calculated starting from the Neumann's formula for filamentary coils [29] :
where the integrals are extended to the wire paths Γ j and Γ k . dl j and dl k represent the elementary coil lengths along the integration paths whose distance is |r jk |. Equation (13) provides the self-inductance when j = k; otherwise, it expresses the mutual inductance between two different coils. According to Equation (13), dl j , dl k and |r jk | being linear dimensions, the relationship
holds true. While Equation (13) applies to inductors in free space, the coils of an IPT system for EV applications are usually embedded in complex environments where conductive and ferromagnetic materials are present. The magnetic field distribution is influenced by the presence of the vehicle chassis that usually exhibits a predominant conductive behaviour [30, 31] . Moreover, aluminium shields are often used to confine the magnetic field for electromagnetic compatibility reasons while magnetic materials can be used to guide the magnetic flux, increasing the coupling and improving the tolerance to transmitter-receiver misalignments [13, 14, 32] .
By following a similar approach to the one proposed in [23, 32] , the magnetic structure of the IPT system can be described through a series of flux tubes that define a network of reluctances. Hence, self and mutual inductances can be considered inversely proportional to the reluctance R of the overall magnetic flux path:
where l is the length of the flux path, S is its cross section and µ is the equivalent magnetic permeability.
Although the presence of a large air-gap makes the definition of l and S difficult, the following relationship can be considered true in first approximation:
The validity of Equation (16) is detailed in Appendix A.
Scaling of Currents, Voltages and Power
Under the assumption of constant current density in the coils during the scaling process, the generic current I i can be expressed as:
J i being the current density in the generic coil and S wire,i the cross section of the wire.
According to Equations (16) and (17), the open-circuit voltage is
Hence, the apparent power delivered to the receiver defined in Equation (7) follows the rule:
At the resonance, the apparent power S 2 equals the active power P 2 . Since the transmitted power is proportional to the source power S 1 (or, equivalently, P 1 ), this power follows the same proportionality with respect to γ. Hence, according to Equation (6), the source voltage has to be scaled as:
Having put in evidence that voltages and currents are dependent on different powers of γ, the equivalent load has to be modified according to the relationship:
This relationship can be verified also by looking at Equations (9) and (10) . These relationships indicate that total and reflected impedance follow the same proportionality rule of R L .
Scaling of the Compensation Capacitances
The results carried out for the load and the reflected impedance confirmed that, having considered the working frequency fixed, the value of the compensation capacitors depends only on the value of the magnetic parameters of the coils (i.e., self and mutual inductances). Hence, the relationship
is valid for both the compensation capacitors on the transmitter and receiver side. Furthermore, this rule has a general validity as can be verified by considering the relationships for the different compensation topologies reported in Table 1 . The electrical stress over the capacitors is one of the key points that justifies the use of down-scaled prototypes. The typical values of tens of kilohertz for the frequency and the tens of nanofarad used for the compensation capacitors [23, 32, 33] lead to voltages across the capacitors that can reach several kilovolts. According to Equations (17) and (22), the voltages over the capacitors also scale as γ 3 . This strong reduction introduces an important benefit in terms of safety against possible electric hazards or insulation failures during the tests. At the same time, the reduced necessities in terms of current and voltage allow the adoption of cheap and easily available capacitors.
Scaling-Rules' Limits of Validity
Coil Resistances
The set of rules for the IPT systems scaling has been developed neglecting the system losses. Clearly, this assumption is not respected when γ 1 i.e., for a significative down scaling. Assuming a constant and uniform current density distribution in the conductors, the resizing relationship for the coils resistances reads:
Hence, there is a certain limit in the down scaling beyond which the amplitude of the coils resistances is no more negligible with respect to the impedances of the other parameters of the system. This limit value of γ < 1 depends on the characteristics of the original system, and then it has to be evaluated on a case by case basis.
Capacitors' ESR
In a resizing process, the capacitor losses deserve particular consideration as well as the coil resistances. The capacitors' losses are accounted for with the equivalent series resistance (ESR). In the resizing process, the modification of the capacitance value, together with the change of applied voltages and currents, make the change of the capacitor technology necessary. In this case, the value of the ESR can not be put in relation to the geometrical parameters of the components as it depends also on the manufacturing technology and the characteristics of the dielectric material [34] . According to these considerations, it is practically impossible to find a generic rule for the resizing of the capacitor resistive component. The incidence of these parameters needs to be individually considered. However, it is worth nothing that, contrary to what happens for the coil resistances, the ESR tends to become less relevant for capacitors of small dimension.
Power Losses and Efficiency
The variation of the efficiency with the change of the IPT system dimensions can be separately investigated by considering the main components responsible for losses. These losses can be separated into losses in conductive materials and losses in ferromagnetic materials. They are indicated as P J and P Fe , respectively. According to the hypothesis of constant current density, it is possible to assume that the conductive losses are proportional to the volume of the conductive material:
The definition of ferromagnetic losses requires some additional insight as their formulation is not unique and depends on several parameters related to material properties and characteristics of the exciting sources. According to the typical sinusoidal waveform of the currents in IPT systems, the Steinmetz formulation [35] , commonly used in the design of electrical machines [36] [37] [38] [39] , is here adopted:
This formulation states that the losses into a ferromagnetic material, under sinusoidal excitation, are dependent on the volume of material V Fe and power functions of the sinusoidal excitation frequency f and the peak of the magnetic flux densityB. K, α and β are positive numbers whose values depend on the material. In an homogeneous medium, the magnetic flux density is proportional to the source current and inversely proportional to the distance from the source, hence:
In Appendix A, it is shown that this relationship is still valid when linear ferromagnetic objects are located in proximity of the source.
The volume of material depends on the third power of γ, thus it is possible to express the ferromagnetic losses as:
Gathering all the γ-independent parameters of losses in three constants c 1 , c 2 and c 3 , it is possible to provide a general expression for the efficiency:
Differently from all previous scaling relationships, in Equation (28), it is not possible to directly correlate the efficiency with a precise power function of γ. This relationship can directly provide information on the asymptotic behaviour (i.e., for γ → +∞ and γ → 0) while the efficiency of the scaled system can be estimated only after the evaluation of each term of Equation (28).
Experimental Validation
The scaling rules are experimentally validated by constructing a starting IPT system and its down-scaled version. The starting system consists of two identical rectangular coils made by arranging the litz wire windings in two overlapping layers. A core made of several I-shape 3F3 ferrite bars is put on the receiver side only. The geometrical characteristics are reported in Table 2 . The second IPT system is built by applying a scaling factor γ = 0.5 to the original system. The two systems are shown in Figure 3 . In both configurations, the transmitter is supplied by a mosfet based H-bridge providing a square wave voltage at a fixed frequency of 110 kHz. This frequency is then the resonance frequency for both systems.
The self inductance of each coil and the related resistances at the resonance frequency are measured by using the HIOKI 3532-50 LCR HiTESTER impedance meter (HIoki E.E. Corporation, Nagano, Japan). The mutual inductance between transmitter and receiver coils is measured by supplying the system with a sinusoidal signal amplified through a linear amplifier in no load conditions. The current in the transmitter and the open-circuit voltage at the receiver terminals are measured through a LeCroy Wavesurfer 3024 8 bit digital oscilloscope (Teledyne LeCroy, Chestnut Ridge, NY, USA). Hence, the value of mutual inductance is calculated by applying Equation (2) . The results of the measurements are used to evaluate the experimental scaling factor obtained with the down-scaled prototype. The results are reported in Table 3 where the ratio between the quantities of the original system and the respective quantities of the scaled one are referred to as scaling ratio. The values of the self inductances have been used to choose the proper compensation capacitors, on the bases of Equation (8) and Table 1 , by applying a series-series compensation. The exact value of capacitance has been obtained by a series and parallel connection of several capacitors of the same technology. Starting from the measured parameters, it is possible to investigate the limits of the scaling rules for the starting system verifying also that the down-scaled system reasonably remains within these limits. Taking into account the coil resistances, it is possible to rewrite the total impedance of the series-series compensated system as:
At the resonance, this expression simplifies as:
The difference between the lossless and lossy behaviour of the total impedance is shown in Figure 4 . It is visible that the lossy behaviour is assimilable to the lossless one as long as the value of the coil resistances remain lower than the load resistance. The relative error introduced by the lossless approximation for different values of the scaling factor is shown in Figure 5 . This graph indicates that the gap between the lossless and the lossy behaviour of Z T becomes relevant for scaling factors lower than about 0.3. For lower values of γ, the effect of the losses becomes predominant and the scaling rules start to overcome the limits of validity. In the adopted down-scaled system for the experimental verification, the application of a scaling factor γ = 0.5 corresponds to a relative error of about 8% on the value of the total impedance. Finally, the two IPT systems have been fully powered through the H-bridge whose DC bus voltage has been regulated according to Equation (20) . The values of the DC bus voltage and coil currents are reported in Table 4 . The effects of the down-scaling on the main system parameters are graphically summarised in Figure 6 . This graph shows a good agreement of the results with respect to the expected values. A maximum error of 8% is found in the evaluation of the currents. The error on the mutual and self-inductances is of 6% and 4%, respectively. 
Power and Losses
The source power P 1 and the power P 2 transferred to the load are evaluated on the basis of measured waveforms at the H-bridge output and over the system load. Then, the overall losses P loss are evaluated as the difference between P 1 and P 2 . Having the measurement of the current in each coil, it is possible to evaluate the conductive losses P J on each side of the system. The remaining losses are attributed to the ferrite obtaining an estimation of P Fe . As the adopted ferrite presents a parameter β = 2.71, it is possible to expect a scaling of the losses in the ferromagnetic material as:
The obtained results are collected in Table 5 . The results confirm that the developed relations can provide reliable predictions on the losses for a scaling process. The obtained errors on the expected scaling ratios are of 19.2% and 17.7% on conductive and ferromagnetic losses, respectively. These power measurements are more sensitive to measurement errors than the measurements on voltages and currents, but the obtained results can be still considered valid from an engineering point of view. Finally, thanks to the measurements of transmitted power and losses, it is possible to evaluate the efficiency of the two systems. The results are shown in Table 6 . Moreover, it is possible to use the relations provided in Section 5 in order to verify the possibility of an estimation of the scaled system efficiency by using the relation:
From Equation (32) , an efficiency of the down-scaled system of 0.794 is obtained. This value has an error of 0.63% with respect to the measured efficiency of the scaled system. It is worth noting that the values of power losses and efficiency of the down-scaled system are effected by large measurement errors. In high efficiency systems, such as IPT ones, power losses are usually low and, in the down-scaled system, can assume values that are comparable with the power meter resolution.
Compensation Capacitors' Technology
As already pointed out in Section 4.2, the down-scaling process causes an increase of the compensation capacitors values by a factor γ −1 while the voltage drop across these components decreases with a factor γ 3 . For the systems under study, the voltage across the capacitor on the receiver side is reduced from 1.285 kV to 138 V. The compensation of the original system has been done by using several high-voltage high-current film capacitors as typically done in IPT for EV applications [24, 40] while more common and less expensive ceramic capacitors have been used for the down-scaled system. Two samples of the adopted capacitors are shown in Figure 7 . The ESR of both capacitors has been measured by using the same impedance meter used for the measurements over the coils. The results of Table 7 point out that the ESR is not correlated with the scaling factor. At the same time, the measurements confirm that the losses of the capacitors are negligible with respect to the losses in the coils. 
Conclusions
The paper has presented a set of rules for the scaling of high power IPT systems. This set of rules has been proven, by experimental and numerical validation, to be a simple and effective tool that is well suited to the study of IPT systems for EVs. In their range of validity, these rules can predict, with reliable precision, the steady-state behavior of a full scale system using a down-scaled prototype. The same rules could also be useful for the design of new IPT systems starting from an existent one as is usually done for standard electric machines. The developed rules were experimentally verified by comparing an original IPT system having a rated power of 1.1 kW with its down-scaled version whose linear dimensions were half of the original system. The experimental assessment indicated that the application of the scaling rules introduces admissible errors when the down-scaled dimensions remain below 50% of the original linear dimensions.
The study confirms the validity and the benefits of the presented rules for the construction of down-scaled prototypes. The most relevant benefit is represented by the increase of electrical safety of the testing setup. In fact, the high voltage drop over the compensation capacitors has been reduced by an order of magnitude. In addition, the power rating of the source has also been strongly reduced. In the analyzed case, we were able to predict the behavior of a system with a source power rating in the order of kilowatts by using a power supply of a few tens of watts.
Finally, the cost of the prototype has been reduced to approximately one-tenth of the cost of the original system due to the reduced quantity of materials. This cost reduction is also accompanied by a strong increase of the flexibility and reconfigurability of the system. Author Contributions: All the authors gave their contribution to all of the aspects of the manuscript.
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Appendix A. Scaling of Inductances in Complex Environment
A numerical example case is studied to investigate the assumptions proposed in the paper relating the scaling of magnetic parameters. The results are based on an axisymmetric IPT system simulated using the finite elements method software FEMM (version 4.2) [41] .The IPT system is shown in Figure A1 . It is composed by two coils with different radii and a ferrite plate placed above an aluminium plate. The original dimensions of the system and the materials properties are reported in Table A1 . The starting IPT system is then simulated by applying different scaling factors. Only the transmitter is energised by supplying the current I tr . For each value of γ, the self-inductance is evaluated as:
where Ω tr is the cross-section of the transmitter coil and A and J are the magnetic vector potential and the current density over the conductor cross section. The mutual inductance is evaluated by integrating the magnetic vector potential due to the current flowing in the transmitter over the receiver coil cross section Ω re :
The results shown in Figure A2 confirm the validity of Equation (16) i.e., the self and mutual inductances vary linearly with γ also with complex environments. The same numerical example allows for investigating the behaviour of the magnetic flux density into the ferrite. Figure A3 shows the variation of the average value of magnetic flux density in the ferrite plate during the scaling process. The results confirm the validity of the relation of proportionality described through Equation (26) for a not saturated material. Figure A3 also states that saturation of the magnetic material does not affect the down-scaled systems, where the magnetic flux density decreases with respect to the original system. However, the saturation does not represent a real limitation in IPT systems for EVs even in case of up-scaling. In these kinds of systems, the ferrite is inserted in order to shape the magnetic field in order to maximize the coupling between the transmitter and the receiver. This is possible if the ferrite offers a low-reluctance path while the majority of the magnetic flux path consists of air. Because of this, the section of the ferrite core has to be typically oversized in order to have an appreciable impact on the magnetic circuit. This, in turn, determines a low magnetic flux density inside the ferrite, which is far from the saturation levels and would work in the linear part of the magnetic characteristic also if the original dimensions of the system are doubled. For the sake of completeness, an approach aimed to keep the magnetic flux density constant during the scaling is proposed here. It consists of increasing the only thickness of the ferrite following the proportionality to γ 2 (and not simply γ as well as the others linear dimensions). This forces the ferrite section to scale as γ 3 . However, according to the same considerations made before, this will have a negligible impact on the scaling of self and mutual inductances. This assumption has been proved by means of the same numerical case of Figure A1 . As visible in Figures A4 and A5 , with the proposed approach, the inductances still scale linearly while the induction remains practically constant. If both current density and magnetic flux density are kept constant, the losses in conductive and ferromagnetic materials depend only on the volume of material. Hence, the relationship for the scaling of the efficiency reads:
where the term P J remains proportional to γ 3 while P Fe is forced to follow the proportionality with γ 4 . In this case, this relationship clearly indicates that the efficiency tends to always increase if the dimensions of the IPT system increase.
